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ON THE CLOSED SUBSCHEMES OF A SCHEME
ABOLFAZL TARIZADEH
Abstract. In this paper, we obtain some new results on closed
subschemes. Specially, we define natural addition and multiplica-
tion on the closed subschemes of a scheme. It is shown that “the
multiplication” precisely coincides with the well known notion of
“the scheme-theoretic intersection”. Dually, “the addition” coin-
cides with “the scheme-theoretic union”. It is also proved that
these structures naturally provide contravariant functors from the
category of schemes to the category of commutative monoids.
1. Introduction
It is a fundamental fact that the category of schemes admits all fi-
nite limits. Specially, it admits pullbacks. But this category is not
well-behaved with finite colimits. For instance, pushouts do not nec-
essarily exist in this category. Investigating the existence of pushouts
in the category of schemes has been one of the main streams of alge-
braic geometry over the more recent years, see e.g. [2], [4], [6], [1, Tag
0ECH] and [7]. The most important result of theses articles is that the
pushout of any two closed immersions of schemes with a fixed source
exists in the category of schemes. In the present paper, we use the
whole strength of this result in order to define addition on the closed
subschemes of a scheme. Dually, pullbacks of schemes allows us to de-
fine multiplication on the closed subschemes.
The collection of open subschemes of a scheme X is in bijection to
the set of open subsets of X , but a similar result does not hold for
closed subschemes. As a specific example, consider the closed subset
Y = {pZ} of SpecZ where p is a prime number. Then for each n ≥ 1
the canonical ring map Z→ Z/pnZ induces a closed subscheme struc-
ture over Y . Thus Y admits infinitely many pairwise distinct closed
subscheme structures. In spite of this, the class of all closed subschemes
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of a scheme X still forms a “set”, see Theorem 3.4. In fact, if X is an
affine scheme then by Theorem 2.5, the class of all closed subschemes
of X is in bijection to the set of ideals of OX(X). The general case is
a little complicated. We shall prove that a similar embedding hold in
the general case. More precisely, we show that the class of all closed
subschemes of a scheme X can be canonically embedded into the set∏
U∈(Ui)
SU where (Ui) is an affine open covering of X and each SU is the
set of ideals of OX(U). This result allows us to define addition (scheme-
theoretic union) and multiplication (scheme-theoretic intersection) on
the closed subschemes of a scheme. Then we show that these structures
naturally provide contravariant functors from the category of schemes
to the category of commutative monoids.
2. Preliminaries
In this section for convenience of the reader we briefly recall some
material from the basic algebraic geometry which is needed in the next
section.
2.1. If ϕ : X → Y and ψ : Y → Z are two morphisms of ringed spaces
then (ψ ◦ ϕ)♯ = ψ∗(ϕ
♯) ◦ ψ♯ and (ψ ◦ ϕ)♯x = ϕ
♯
x ◦ ψ
♯
ϕ(x) for all x ∈ X.
Lemma 2.2. Let f, g : Z → Y be two morphisms of locally ringed
spaces with Y an affine scheme. If f ♯Y = g
♯
Y then f = g.
2.3. Let ϕ : X → Y be a morphism of ringed spaces, V ⊆ Y and
U ⊆ X are opens such that U ⊆ ϕ−1(V ). Then ϕ induces a unique
morphism of ringed spaces ψ : U → V such that the following diagram
is commutative:
U
ψ
//
i

V
j

X
ϕ
// Y
where i and j are the inclusion morphisms. The morphism ψ is often
denoted by ϕ|U . If moreover ϕ is a morphism of locally ringed spaces
then ψ is as well.
2.4. Let f, g : Z → Y be two morphisms of ringed spaces such that the
maps f and g between the underlying spaces are the same. If there exists
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an open covering (Vi) of Y such that f |f−1(Vi) = g|f−1(Vi) : f
−1(Vi)→ Vi
for all i then f ♯ = g♯ and so f = g.
By a closed immersion we mean a morphism of ringed spaces ϕ : X →
Y such that the map ϕ between the underlying spaces is injective and
closed map and for each x ∈ X the ring map ϕ♯x : OY,ϕ(x) → OX,x is
surjective. If ϕ is a closed immersion and V an open of Y then the
induced morphism ϕ|U : U = ϕ
−1(V ) → V is a closed immersion. A
closed subscheme of a scheme X is a pair (Z, j) where Z is a scheme
and j : Z → X is a closed immersion such that the map j between the
underlying spaces is the canonical injection. It is simply denoted by Z
if there is no confusion on j.
Theorem 2.5. Let ϕ : Y → X be a closed immersion of schemes with
X an affine scheme. Then Y is an affine scheme and there exists an
isomorphism of schemes g : Y → SpecA/I such that the following
diagram is commutative:
Y
ϕ
//
g

X
π

SpecA/I
η
// SpecA
where A = OX(X), I = Kerϕ
♯
X , the morphism η is induced by the
canonical ring map A → A/I and pi is the canonical isomorphism.
Moreover such an ideal I is unique.
Theorem 2.6. Closed immersions of schemes are stable under base
change.
Lemma 2.7. (Glueing morphisms) Let Y and Z be two ringed spaces
and (Vi) an open covering of Y . Assume that for each i a morphism
θi : Vi → Z of ringed spaces is given such that for each pair of indices
(i, j), θi|Vi∩Vj = θj |Vi∩Vj . Then there exists a unique morphism of ringed
spaces θ : Y → Z such that θ ◦ jVi = θi for all i where jVi : Vi → Y
is the inclusion morphism. If moreover all of the θi are morphisms of
locally ringed spaces then θ is as well.
2.8. Fix a scheme X. Let ϕ : Y → X and ψ : Z → X be two closed
immersions of schemes. We say that ϕ ∼ ψ if there exists an isomor-
phism of schemes θ : Y → Z such that ϕ = ψ ◦ θ. We shall denote
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by M(X) the collection of isomorphism classes of closed immersions of
schemes with target X.
Proposition 2.9. The class of all closed subschemes of a scheme X
is in bijection to M(X).
Proof. Let ϕ : Y → X be a closed immersion of schemes. Then [ϕ]
contains a unique element j : Z → X such that (Z, j) is a closed sub-
scheme of X . Because let Z := Imϕ and OZ := f∗OY where f : Y → Z
is induced by ϕ and f ♯ : OZ → f∗OY is the identity morphism. If
U ⊆ X is an open then j♯U := ϕ
♯
U . Then clearly f is an isomorphism
of schemes, j is a closed immersion and ϕ = j ◦ f . If ψ : Y ′ → X is a
second closed imersion of schemes which induces the closed subscheme
(Z ′, j′) as above. Then (Z, j) = (Z ′, j′) if and only if [ϕ] = [ψ]. There-
fore the map [ϕ]  (Z, j) is a bijection between M(X) and the class
of all closed subschemes of X . 
Theorem 2.10. Let ϕ : Y → X and ψ : Z → X be two closed
immersions of schemes. Then there exists a closed immersion θ : T →
X and morphisms θ1 : Y → T and θ2 : Z → T such that ϕ = θ ◦ θ1,
ψ = θ ◦ θ2 and the following:
Y ×X Z
ϕ′
//
ψ′

Z
θ2

Y
θ1
// T
is a pushout diagram where ϕ′ and ψ′ are the canonical projections. If
moreover U ⊆ X is an affine open then the following diagram:
ϕ−1(U)×U ψ
−1(U) //

ψ−1(U)

ϕ−1(U) // θ−1(U)
is a pushout diagram.
Proof. To see its proof please consider [1, Tag 0ECH] specially [1,
Tag 0E25] and [1, Tag 0B7M]. 
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3. Main results
3.1. Fix a scheme X and let C = (Ui) be an affine open covering of X.
Lemma 3.2. Every monomorphism in the category of affine schemes
is a monomorphism in the category of schemes.
Proof. Let ϕ : Y → X be a monomorphism in the category of
affine schemes and f, g : Z → Y two morphisms of schemes such
that ϕ ◦ f = ϕ ◦ g. We have (ϕ ◦ f)♯X = (ϕ ◦ g)
♯
X . It follows that
f ♯Y ◦ ϕ
♯
X = g
♯
Y ◦ ϕ
♯
X . But ϕ
♯
X is an epimorphism of rings because the
category of affine schemes is anti-equivalent to the category of commu-
tative rings. Thus f ♯Y = g
♯
Y . Therefore by Lemma 2.2, f = g. 
Proposition 3.3. Every closed immersion of schemes is a monomor-
phism.
Proof. Let ϕ : Y → X be a closed immersion of schemes and
f, g : Z → Y two morphisms of schemes such that ϕ ◦ f = ϕ ◦ g.
Then the maps f, g between the underlying spaces are the same. To
prove f ♯ = g♯ we act as follows. If U is an affine open of X then by
Theorem 2.5, V = ϕ−1(U) is an affine open and the induced morphism
ϕ|V : V → U is a monomorphism in the category of affine schemes.
Thus by Lemma 3.2, ϕ|V is a monomorphism in the category of schemes
and so iU ◦ ϕ|V : V → X is a monomorphism where iU : U → X is the
inclusion morphism. We have iU ◦ ϕ|V ◦ f |W = iU ◦ ϕ|V ◦ g|W where
f |W , g|W : W = f
−1(V ) → V are induced by f and g, respectively.
Thus f |W = g|W . So by 2.4, f = g. 
Theorem 3.4. The function η : M(X) →
∏
U∈C
SU given by [ϕ]  
(Kerϕ♯U) is injective.
Proof. Let ϕ : Y → X be a closed immersion. If U ⊆ X is an affine
open then by Theorem 2.5, there exists a unique ideal I = Kerϕ♯U ⊆
A = OX(U) and an isomorphism of schemes gU : ϕ
−1(U) → SpecA/I
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such that the following diagram is commutative:
ϕ−1(U)
ϕ|
ϕ−1(U)
//
gU

U
π

SpecA/I
η
// SpecA
where η is induced by the canonical ring map A → A/I. Assume
that there is another closed immersion of schemes ψ : Z → X in
which for each affine open U ⊆ X similarly above there exists an
isomorphism hU : ψ
−1(U) → SpecA/I such that the following diagram
is commutative:
ψ−1(U)
ψ|ψ−1(U)
//
hU

U
π

SpecA/I
η
// SpecA.
We shall find an isomorphism θ : Y → Z such that ϕ = ψ ◦ θ. For each
affine open U ⊆ X take θϕ−1(U) := iψ−1(U)◦h
−1
U ◦gU : ϕ
−1(U) → Z where
iψ−1(U) : ψ
−1(U) → Z is the inclusion morphism. If U ′ ⊆ X is another
affine open then we have ψ◦
(
θϕ−1(U)|V
)
= ϕ◦iV = ψ◦
(
θϕ−1(U ′)|V
)
where
V := ϕ−1(U) ∩ ϕ−1(U ′) and iV : V → Y is the inclusion morphism.
Thus by Proposition 3.3, θϕ−1(U)|V = θϕ−1(U ′)|V . Therefore by Lemma
2.7, there exists a (unique) morphism of schemes θ : Y → Z such that
for each affine open U ⊆ X , θ ◦ iϕ−1(U) = θϕ−1(U). Clearly the maps ϕ
and ψ ◦ θ between the underlying spaces are the same. It follows that
θ is an isomorphism. Moreover iU ◦
(
(ψ ◦ θ)|ϕ−1(U)
)
= iU ◦ (ϕ|ϕ−1(U)).
It follows that (ψ ◦ θ)|ϕ−1(U) = ϕ|ϕ−1(U) because each open immersion
is a monomorphism. Thus by 2.4, ϕ = ψ ◦ θ. Hence η is injective. 
3.5. If I : X → X is the identity morphism then η maps [I] to the
sequence of zero ideals. Moreover η maps the isomorphism class of the
canonical morphism ∅ → X to the sequence of unit ideals
(
OX(U)
)
where ∅ is the empty scheme.
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3.6. Let ϕ : Y → X and ψ : Z → X be two closed immersions of
schemes and consider the following pullback diagram:
Y ×X Z
ϕ′
//
ψ′

Z
ψ

Y
ϕ
// X.
By Theorem 2.6, ϕ′ is a closed immersion and so ψ ◦ ϕ′ = ϕ ◦ ψ′ is
a closed immersion. Thus we may define an operation over M(X) as
[ϕ].[ψ] = [ϕ ◦ ψ′]. It is called the scheme-theoretic intersection of [ϕ]
and [ψ].
3.7. We define the operation + on M(X) as [ϕ] + [ψ] = [θ], for θ see
Theorem 2.10. It is called the scheme-theoretic union of [ϕ] and [ψ].
Theorem 3.8. If ϕ : Y → X and ψ : Z → X are two closed immer-
sions of schemes then the following hold.
(i) η maps [ϕ].[ψ] into the sequence (Kerϕ♯U +Kerψ
♯
U ).
(i) η maps [ϕ] + [ψ] into the sequence (Kerϕ♯U ∩Kerψ
♯
U).
Proof. The following:
W = (ϕ ◦ ψ′)−1(U) //

ψ−1(U)

ϕ−1(U) // U
is a pullback diagram in the category of affine schemes because W =
ϕ−1(U)×Uψ
−1(U). By applying the global sections functor to the above
diagram then we get the following pushout diagram in the category of
commutative rings:
A
ψ
♯
U
//
ϕ
♯
U

C
g

B
f
// D
where A = OX(U), B = OY
(
ϕ−1(U)
)
, C = OZ
(
ψ−1(U)
)
, D = OS(W ),
S = Y ×X Z, f = ψ
′♯
ϕ−1(U) and g = ϕ
′♯
ψ−1(U). By Theorem 2.5, there
exist isomorphisms of rings λ : B → A/I and µ : C → A/J such that
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λ◦ϕ♯U : A→ A/I and µ◦ψ
♯
U : A→ A/J are the canonical maps where
I = Kerϕ♯U and J = Kerψ
♯
U . Clearly the following:
A //

A/J
h2

A/I
h1
// A/I + J
is a pushout diagram in the category of commutative rings where h1
and h2 are the canonical maps. Thus there exists an isomorphism of
rings h : D → A/I + J such that h1 ◦ λ = h ◦ f and h2 ◦ µ = h ◦ g. It
follows that Ker(ϕ ◦ψ′)♯U = I + J . This completes the proof of (i). By
Theorem 2.10, the following:
R
g′
//
f ′

C
g

B
f
// D
is a pullback diagram in the category of commutative rings where R =
OT
(
θ−1(U)
)
, f ′ = (θ♯1)θ−1(U) and g
′ = (θ♯2)θ−1(U). Clearly the following:
A/I ∩ J
π2
//
π1

A/J
h2

A/I
h1
// A/I + J
is a pullback diagram in the category of commutative rings where pi1
and pi2 are the canonical maps. Thus there exists an isomorphism of
rings h′ : R → A/I ∩ J such that λ ◦ f ′ = pi1 ◦ h
′ and µ ◦ g′ = pi2 ◦ h
′.
It follows that h′ ◦ θ♯U : A → A/I ∩ J is the canonical map and so
Ker θ♯U = I ∩ J . 
Corollary 3.9. The set M(X) with the operation . forms a commuta-
tive monoid such that [ϕ].[ϕ] = [ϕ] for all [ϕ] ∈ M(X).
Proof. It is an immediate consequence of Theorems 3.4 and 3.8. 
3.10. Let f : X → Y be a morphism of schemes. Let [ϕ] ∈M(Y ) where
ϕ : Z → Y is a closed immersion. Consider the following pullback
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diagram:
Z ×Y X
ϕ′
//
p

X
f

Z
ϕ
// Y.
By Theorem 2.6, ϕ′ is a closed immersion. Thus we may defineM(f) :
M(Y )→ M(X) as [ϕ] [ϕ′].
Theorem 3.11. The assignments X  M(X) and f  M(f) define
a contravariant functor from the category of schemes to the category of
commutative monoids.
Proof. First we show thatM(f) is a morphism of monoids. Clearly
it preserves identities. Take a second element [ψ] ∈ M(Y ) where
ψ : T → Y is a closed immersion and consider the following pullback
diagrams:
T ×Y X
ψ′
//
p′

X
f

T
ψ
// Y
and
Z ×Y T
h
//
g

T
ψ

Z
ϕ
// Y.
By definition, [ϕ] ∗ [ψ] = [ϕ ◦ g]. Set A = Z ×Y T , B = Z ×Y X and
C = T ×Y X . Then consider the following pullback diagrams:
A×Y X
(ϕ◦g)′
//
p′′

X
f

A
ϕ◦g
// Y
and
B ×X C
q′′′
//
p′′′

C
ψ′

B
ϕ′
// X.
We have to show that [ϕ′ ◦ p′′′] = [(ϕ ◦ g)′]. There exists a unique
morphism µ : B×X C → A such that p ◦ p
′′′ = g ◦µ and p′ ◦ q′′′ = h◦µ.
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It follows that there exists a unique morphism δ : B ×X C → A×Y X
such that µ = p′′ ◦ δ and ϕ′ ◦ p′′′ = (ϕ ◦ g)′ ◦ δ. We must prove that δ
is an isomorphism. There exists a unique morphism α : A×Y X → B
such that g ◦p′′ = p◦α and (ϕ◦ g)′ = ϕ′ ◦α. Also there exists a unique
morphism β : A×Y X → C such that h◦p
′′ = p′◦β and (ϕ◦g)′ = ψ′◦β.
Thus there exists a unique morphism λ : A×Y X → B×X C such that
α = p′′′ ◦ λ and β = q′′′ ◦ λ. We have ϕ′ ◦ α ◦ δ = ϕ′ ◦ p′′′ and
ψ′ ◦ β ◦ δ = ψ′ ◦ q′′′. It follows that α ◦ δ = p′′′ and β ◦ δ = q′′′
because by Proposition 3.3, ϕ′ and ψ′ are monomorphisms. Therefore
p′′′◦(λ◦δ) = α◦δ = p′′′ and q′′′◦(λ◦δ) = β◦δ = q′′′. It follows that λ◦δ
is the identity morphism. Clearly (ϕ◦g)′◦(η◦λ) = (ϕ◦g)′. We also have
ϕ◦g ◦ (p′′◦η◦λ) = ϕ◦g ◦p′′. It follows that p′′ ◦ (η◦λ) = p′′ because by
Theorem 2.6 and Proposition 3.3, ϕ◦ g is a monomorphism. Thus δ ◦λ
is the identity morphism. Therefore M(f) is a morphism of monoids.
If IX is the identity morphism of X then clearly M(IX) = IM(X). It
remains to show that if f ′ : Y → Z is a second morphism of schemes
then M(f ′ ◦ f) =M(f) ◦M(f ′). Let ϕ : T → Z be a closed immersion
of schemes and consider the following pullback diagrams:
T ×Z X
ϕ′
//
p

X
f ′◦f

T
ϕ
// Z,
T ×Z Y
ϕ′′
//
p′

Y
f ′

T
ϕ
// Z
and
A×Y X
ϕ′′′
//
p′′

X
f

A
ϕ′′
// Y
where A = T×ZY . There exists a canonical isomorphism λ : A×YX →
T ×Z X such that ϕ
′′′ = ϕ′ ◦ λ. Therefore [ϕ′] = [ϕ′′′]. 
Similarly above (i.e. Corollary 3.9), the setM(X) with the operation
+, defined in 3.7, forms a commutative monoid such that [ϕ]+[ϕ] = [ϕ]
for all [ϕ] ∈ M(X). We denote this monoid by M+(X). We have then
the following result.
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Theorem 3.12. The assignments X  M+(X) and f  M(f) define
a contravariant functor from the category of schemes to the category of
commutative monoids.
Proof. It is proven exactly like Theorem 3.11. 
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